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Convergence of mini batch SGD

1 Introduction

We consider the finite-sum optimization(FSOP) problem:

min
w∈Rd

{
F (w) :=

1

N

N∑
i=1

f (w ; i)

}
(1)

where certain assumptions are made for the component functions f (·; i),∀i ∈ {1, 2, . . . , N} and the objective
function F . This standard problem arises in most machine learning tasks, including logistic regression, multi-kernel

learning, and neural networks training([2]). Due to the generality, open ended nature of the problem, there has

been a boom in research conducted around the finite-sum minimization problem([6], [8], [12]).

The main problem with trying to solve 1, arises from the fact that in practice, F is high dimensional, which

means that N is usually big. The fact that a normal gradient descent approach which computes all the gradients

of the component functions will require computational resources proportional to the dimensionality of the data,

coupled with the understanding that today, 1 needs to be solved on devices that have limited resources, pushed the

research community to find alternative algorithms for solving the FSOP. Therefore, the attention to solving 1 was

shifted to the stochastic gradient descent algorithm ([10]), due exactly to its efficiency in dealing with large scale

problems that have data of high dimensions. Stochastic gradient descent instead of calculating the full gradient of

the objective function F like gradient descent would do, it calculates the gradient of only one component function

in each iteration. That makes it more efficient. More specifically, the updates of SGD in each iteration are:

wt+1 = wt − ηk∇f (wk ; i), i ∈ {1, 2, . . . , N} (2)

There are several ways i is chosen each iteration, that will be investigated later in section 1.1 where the updates

of normal GD would be:

wt+1 = wt − ηk∇F (wk) = wt −
ηk
N

N∑
i=1

∇f (wk ; i) (3)

Another reason why SGD attracts a lot of attention, is that it is widely used in practice in cases where the compo-

nent functions can are non-convex and it converges to global minima with great success ([3]). This is something

that GD is not able to achieve, as it gets stuck in local minima ([4]). The theoretical results on SGD are still being

developed and are still not matching compared to what is achieved in practice, therefore pushing the community

to investigate SGD’s convergence gurantees.

On the downside, SGD can take longer than normal GD to converge to the stationary point. However, it

requires fewer computational resources which makes it more useful in practice.

All the reasons we mentioned above lead the community to study the convergence rates of SGD. Going back

to the initial discussion about GD and SGD, it seems that there is a fundamental trade-off: when one uses GD

they have a better convergence bound, and computational complexity when the assumptions on F are nice but no

gurantees when F is more general (for example non-convex), and when one uses SGD they get worse bounds but

more computationally efficient. In this paper, we try to explicitly show this trade-off between GD and SGD. Instead

of taking only the gradient of one component function (SGD) or the gradient of all the component functions (GD),

we try to take the gradient of a ”batch” B of the component functions. If we have B = 1 we get SGD and if we

put B = N we recover normal GD. The main question we are trying to answer is what happens when 1 < B < N?.

One can explicitly see the tradeoff in figure 1.
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The algorithm for this mini-batch idea is shown below.

Algorithm 1 Mini-Batch SGD with generic permutation selection

1: Initialization: Choose an initial point w̃0 ∈ Rd ; Mini-batch size B ∈ [1, N]; permutations σ(i), i =
1, 2, . . . , T, σ(i) ∈ SN

2: for t = 1, 2, · · · , T do
3: Set w

(t)
0 := w̃t−1;

4: for i = 0, · · · , ⌊NB ⌋ − 1 do
5: Update w

(t)
i+1 := w

(t)
i − η

(i)(t)
k

1
B

∑B
j=1∇f (w

(t)
i ;σ

(t)(iB + j));

6: end for

7: Set w̃t := w
(t)
⌊N/B⌋;

8: end for

9: Output: Choose w̃T .

1.1 Different Algorithm Regimes

As mentioned previously, and as can be seen from algorithm 1, it remains to define how exactly we choose to

permute our data {1, 2, . . . , N} in each epoch. In each epoch of algorithm 1, we have a permutation σ(t) that
dictates in which order we are processing the data. Note that for GD we do not need this permutation because we

compute the gradient of the whole objective function. There are different lines of work that study different ways

in which these permutations are picked, according to the literature. The three main ones are the following:

1. Random Reshuffling: In each iteration of every epoch, sample a new random permutation from the family

of all permutations. [5].

2. Shuffle once: In the beginning of the algorith, choose a permutation randomly and stick with it in all the

iterations [11].

3. Incremental gradient: Similar to shuffle once, here a permutation is chosen (either randomly or determin-

istically) in the very beginning and is used for each iteration of every epoch. [7].

In this paper, we study the generic shuffling line of work, which does not assume anything about the selection

of the permutation, and Random Reshuffling.

2 Our contributions

We start this section by outlining the different assumptions for which we have results on. We then specify the

types of convergence we are searching for and finally We split our results into two sections: the generic shuffling

regime results, and random reshuffling results.
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2.1 Assumptions

First we start with an assumption of smoothness and the existence of stationary points we are interested in.

Assumption 1. Assume that the following are satisfied:

a) dom(F )
def
= {x ∈ Rd |F (x) <∞} ≠ ∅ and F∗ = infw∈Rd F (w) > −∞

b) f (·; i) is L-smooth for all i ∈ [N] def= {1, 2, . . . , N}, u, v ∈ Rd , which means that∥∥∥∇f (u; i)−∇f (v ; i)∥∥∥ ≤ L∥∥∥u − v∥∥∥
Note that Assumption 1a) is establishing the well definiteness of our problem, while Assumption 1b), the so

called L-Smoothness of the component functions’ gradients f (u; ·), is a standard assumption in literature. Both as-
sumptions are used for all of our results, and contain an interesting family of functions for which we are interested in.

We continue with the so-called mean bounded variance assumption.

Assumption 2 (Mean Bounded Variance). There exists two constants Θ, σ ∈ [0,∞) for which ∀w ∈ dom(F ):

1

N

N∑
i=1

∥∥∥∇f (w ; i)− F (w)∥∥∥2 ≤ Θ∥∥∥∇F (w)∥∥∥2 + σ2
Setting Θ = 0, we get exactly the bounded variance assumption, that 1N

∑N
i=1

∥∥∥∇f (w ; i) − F (w)∥∥∥2 ≤ σ2,
which is usually assumed for non-convex objective functions ([3]). Our assumption is stronger than that and can

be applied to a bigger family of functions.

Finally, in our results we use the Strong convexity assumption, which is the following.

Assumption 3 (Strong-Convexity). The objective function F is µ−strongly convex which means that:

F (v) ≥ F (u) + ⟨∇F (u), v − u⟩+
µ

2

∥∥∥v − u∥∥∥2
It is also implied by the above condition that there is a unique solution w∗ to F for which holds

µ

2

∥∥∥w − w∗∥∥∥2 ≤ F (w)− F (w∗) ≤ 2
µ

∥∥∥∇F (w)∥∥∥2,∀w ∈ Rd
Substituting µ = 0 and we can use this assumption for when F is just convex. When µ > 0 we have stronger

guarantees, for F , and usually looking for stronger convergence results, therefore we make the separation between

convex and strongly convex cases. One more thing to note is that, even though F has to be convex, there might

exist some component functions that are non-convex.

One more property of strongly convex functions, is that they have a unique optimal solution. This motivated

us to use the bounded variance of the optimal solution and use it in our analysis for strongly convex functions.

Remark. Because of the uniqueness of w∗ we can denote with σ∗ the following

σ2∗
def
=
1

N

N∑
i=1

∥∥∥∇f (w∗; i)∥∥∥2
2.2 Convergence types

In this section, we provide our results for the convergence of 1. Convergence to a minimum point w ∗ that solves

1 can be equivalent to proving any of the following:∥∥∥∇F (wT )∥∥∥2 ≤ ϵ ∥∥∥wT − w ∗∥∥∥2 ≤ ϵ F (wT )− F (w ∗) ≤ ϵ

Note that wT is the point we end up after T epochs, and in the end we try to reach w
∗, the point that minimizes 1.

All of the below results we show prove a convergence type of the three aforementioned ones. Convergence results
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can further be categorized in last-iterate, average-iterate and min-iterate. For the purposes of this paper, we

only use last and average iterate convergence. Average iterate convergence for the above types will look like this:

1

T

T∑
t=1

∥∥∥∇F (wt)∥∥∥2 ≤ ϵ 1

T

T∑
t=1

∥∥∥wt − w ∗∥∥∥2 ≤ ϵ 1

T

T∑
t=1

[F (wt)− F (w ∗)] ≤ ϵ

From our generic shuffling results, Theorems 5 and 6 are of average-iterate convergence, and theorem 4 is of last

iterate convergence.

2.3 Generic Shuffling results

We have the following results for the strongly convex, convex and non-convex cases.

Theorem 4 (Strongly-convex). Under assumptions 1 and 3, after T epochs for sufficiently big enough T , and

ηt =
6 log(T )
µT

B
N we have that

F (w̃T )− F (w∗) ≤
F (w̃0)− F (w∗)

T 2
+
18σ2∗

(
2µ2 + 3L2

)
log2(T )

T 2µ3
(4)

Theorem 5 (Convex Case). Under assumptions 1 and 3, after T epochs for sufficiently big enough T , where

ηt ≤ min{BN
3

√
3BN∥w̃0−w∗∥2

Tσ2∗
, BN
B+2
2L } we have that

1

T

T∑
t=0

[F (w̃t−1)− F (w∗)] ≤
3

√
∥w̃0 − w∗∥4σ2∗
24T 2BN

(5)

Theorem 6 (Non-Convex Case). We have that under assumptions 1 and 2, after T epochs for sufficiently large

enough T with ηt ≤ B
NL

√
1
3 :

1

T

T∑
t=0

E[
∥∥∥∇F (w̃t)∥∥∥2] ≤ 4

ηT
(F (w̃0)− F ∗) + 6η2L2σ2 (6)

They are heavily inspired by [8]. The full proofs of these results are in the appendix, however we provide a

sketch for the non-convex and strongly convex proofs here.

Both Theorem 4 and Theorem 6, start by bounding the following quantity:

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2
Then they use the following standard inequality that is Implied from the L-smoothness of F ([1]):

F (w̃t+1) ≤ F (w̃t)− ⟨∇F (w̃t), w̃t+1 − w̃t⟩+
L

2

∥∥∥w̃t+1 − w̃t∥∥∥2
2.4 Random Reshuffling results

In this section, we present two theorems that are for the Random Reshuffling Regime. These results are novel,

and have high probability convergence bounds, i.e. they hold with probability 1 − ϵ, where ϵ is a small constant.
Let us start the discussion with the non-convex result:

Theorem 7 (Non-convex). We have that under assumptions 1 and 2, after T epochs for sufficiently big enough

T , with ηt =
η
N/B , and η ≤

1
2L , we have with probability 1− ϵ that:

1

T

T∑
i=0

∥∥∥∇F (w̃t)∥∥∥2 ≤ (F (w̃0)− F ∗)2/3L2/3σ2/3(ln(T ) + ln(1/ϵ))1/3
N1/3T 2/3

(7)

During the proof of Theorem 6, we encountered a term of the form:

S1 =
∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

(
∇f (w (t)0 ;σ

(t)(kB + j))−∇F (w (t)0 )
)∥∥∥2
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which was bounded as:∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

(
∇f (w (t)0 ;σ

(t)(kB + j))−∇F (w (t)0 )
)∥∥∥2 ≤ 1

iB

i−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)0 ;σ(t)(kB + j))−∇F (w (t)0 )∥∥∥2

≤
N

iB

(
Θ
∥∥∥∇F (w (t)0 )∥∥∥2 + σ2)

The first inequality is an application of Cauchy Schwartz’s inequality (10) and the second one comes from Assump-

tion 3. We noticed that the second inequality is weak. Inspired by [12], we used a similar way to bound S with

probability 1− δ, as follows:

S1 ≤
4 ln (2/δ)N

(
Θ
∥∥∥∇F (w (t)0 ∥∥∥2 + σ2)
(iB)2

which is an improvement from the previous bound for S. Following the same path of the proof from Theorem 6

we get the results for theorem 7.

Below we present our final result, the novel result for the strongly convex case. This time, the term we optimize

is

S2 =

N
B∑
k=i

B∑
j=1

∥∥∥∇f (w ∗;σ(iB + j))∥∥∥2
which was bounded as

N
B∑
k=i

B∑
j=1

∥∥∥∇f (w ∗;σ(iB + j))∥∥∥2 ≤ Nσ2∗
in Theorem 4, but with our high probability lemma we have w.p.1− δ:

N
B∑
k=i

B∑
j=1

∥∥∥∇f (w ∗;σ(iB + j))∥∥∥2 ≤ 4 ln(2/δ)N
iB

σ2∗

which is also an improvement.

Theorem 8 (Strongly-convex). We have that under assumptions 1 and 3, after T epochs for sufficiently big enough

T , and ηt =
6 log(T )
µT

B
N we have that with probability 1− ϵ

F (w̃T )− F (w∗) ≤
F (w̃0)− F (w∗)

T 2
+
18σ2∗

(
2µ2 + 12L2 ln( 2NTBϵ )

)
log2(T )

NT 2µ3
(8)

3 Conclusion

In this paper we studied the convergence guarantees of mini-batch stochastic gradient descent, in the generic

shuffling and random reshuffling regime. We have two novel results for the random reshuffling technique, however,

they are not state of the art.

While our project started with trying to investigate the effect of the batch size on the convergence of the

algorithm, we did not succeed in mathematically showing such a trade-off. The fundamental reason as to why we

did not achieve that, is the fact that the quantity:

S1 =
∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

(
∇f (w (t)0 ;σ

(t)(kB + j))−∇F (w (t)0 )
)∥∥∥2

is extremely hard to bound if we know nothing about the permutation σ(t). This is why we were able to achieve

something for Random Reshuffling, where each epoch we assume we get a fresh/random permutation, but in the

generic regime, we are not able to make such assumptions.
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4 Appendix

Here we include proofs of Theorems 4,5,6,7,8.

4.1 Useful Lemmas

Lemma 9. We have that for vectors u, v ∈ Rd :

uT v =
1

2

(∥∥∥u∥∥∥2 + ∥∥∥v∥∥∥2 − ∥∥∥u − v∥∥∥2) (9)

Lemma 10 (Cauchy-Schwartz). We have that for vectors u ∈ Rd :

uT v ≤
∥∥∥u∥∥∥∥∥∥v∥∥∥ (10)

Lemma 11 (Lemma 1 from [8]). Let {Yt}t≥1 be a non-negative sequence in R and q be a positive integer number.
Let ρ > 0 and D > 0 be two given constants and 0 < ηt ≤ 1

ρ be given for all t ≥ 1 and assume that, for all t ≥ 1,
we have

Yt+1 ≤ (1− ρηt)Yt +Dηq+1

then choosing ηt ∈ (0, 1ρ ), ∀t ≥ 1 we get:

Yt+1 ≤ (1− ρη)tY1 +
Dηq[1− (1− ρη)t)]

ρ
≤ Y1exp(−ρηt) +

Dηq

ρ

4.2 Strongly-Convex Results (Theorem 4)

Lemma 12. We have that

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤ 8η2t N2B2L2
(∥∥∥w (t)0 − w ∗∥∥∥2 + η2t N2B2 σ2∗

)
+ η2t

N3

B3
σ2∗ (11)

(12)

Proof. First we try to bound the quantity
∥∥∥w (t)i − w (t)0 ∥∥∥2. We have that:∥∥∥w (t)i − w (t)0 ∥∥∥2 = ∥∥∥ηtB

i−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ(iB + j))
∥∥∥2 (13)

(a)
=
η2t
B2

∥∥∥ i−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ(iB + j))−∇f (w

∗;σ(iB + j))
)
−

N
B
−1∑
k=i

B∑
j=1

∇f (w ∗;σ(iB + j))
∥∥∥2
(14)

(b)

≤
2η2t
B2

∥∥∥ i−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ(iB + j))−∇f (w

∗;σ(iB + j))
)∥∥∥2+ (15)

+
2η2t
B2

∥∥∥ N
B∑
k=i

B∑
j=1

∇f (w ∗;σ(iB + j))
∥∥∥2 (16)

(c)

≤
2η2t iB

B2

i−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(iB + j))−∇f (w ∗;σ(iB + j))∥∥∥2+ (17)

+
2η2t (N − iB)

B2

N
B∑
k=i

B∑
j=1

∥∥∥∇f (w ∗;σ(iB + j))∥∥∥2 (18)

(d)

≤
2η2t iB

2L2

B2

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + 2η2t (N − iB)B2
Nσ2∗ (19)

= 2η2t

(
iL2

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + (N − iB)NB2
σ2∗

)
(20)

where above we used the following inequalities:
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1. (a) We use the fact that
∑ N

B
−1
k=0

∑B
j=1∇f (w ∗;σ(iB + j)) = 0

2. (b) ∥a + b∥ ≤ 2∥a∥2 + 2∥b∥2

3. (c) Jensen’s inequality

4. (d) The Lipschitz condition plus the fact that:

N
B∑
k=i

B∑
j=1

∥∥∥∇f (w ∗;σ(iB + j))∥∥∥2 ≤ N
B∑
k=0

B∑
j=1

∥∥∥∇f (w ∗;σ(iB + j))∥∥∥2 = σ2∗
Now, note that because of 20:∥∥∥w (t)i − w ∗∥∥∥2 = ∥∥∥(w (t)i − w (t)0 )+ (w (t)0 − w ∗)∥∥∥2 ≤ 2∥∥∥w (t)i − w (t)0 ∥∥∥2 + 2∥∥∥w (t)0 − w ∗∥∥∥2 (21)

≤ 4η2t

(
iL2

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + (N − iB)NB2
σ2∗

)
+ 2
∥∥∥w (t)0 − w ∗∥∥∥2 (22)

Summing up the above we get:

i−1∑
j=0

∥∥∥w (t)j − w ∗∥∥∥2 ≤ 2i∥∥∥w (t)0 − w ∗∥∥∥2 + 4η2t i−1∑
j=0

(
jL2

j−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + (N − jB)NB2
σ2∗

)
(23)

= 2i
∥∥∥w (t)0 − w ∗∥∥∥2 + 4η2t L2 i−1∑

j=0

j

j−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + 4η2t NB2σ2∗
(
iN −

Bi2

2

)
(24)

= 2i
∥∥∥w (t)0 − w ∗∥∥∥2 + 2η2t L2 i−1∑

j=0

(i2 − j2)
∥∥∥w (t)j − w ∗∥∥∥2 + 4η2t NB2σ2∗

(
iN −

Bi2

2

)
(25)

≤ 2i
∥∥∥w (t)0 − w ∗∥∥∥2 + 2η2t L2N2B2

i−1∑
j=0

∥∥∥w (t)j − w ∗∥∥∥2 + 2η2t N2iB2 σ2∗ (26)

= 2i
∥∥∥w (t)0 − w ∗∥∥∥2 + 2η2t N2B2L2

i−1∑
j=0

∥∥∥wj(t)− w ∗∥∥∥2 + 2η2t N2B2 iσ2∗ (27)

Note that above we used that we set ηt such that 1− 2η2t L2 N
2

B2 ≥
1
2 , so we get that:

i−1∑
j=0

∥∥∥w (t)j − w ∗∥∥∥2 ≤ 4i∥∥∥w (t)0 − w ∗∥∥∥2 + 4iη2t σ2∗ N2B2 (28)

Finally we have:

N
B∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤ 2η2t
L2 N

B∑
i=1

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + NB2σ2∗
N
B∑
i=1

(N − iB)

 (29)

≤ 2η2t

L2 N
B∑
i=1

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + NB2σ2∗
(
N2

B
− B

N2

2B2

) (30)

= 2η2t

L2 N
B∑
i=1

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + N32B3σ2∗
 (31)

≤ 2η2t

L2 N
B∑
i=1

(
4i
∥∥∥w (t)0 − w ∗∥∥∥2 + 4iη2t N2B2 σ2∗

)
+
N3

2B3
σ2∗

 (32)

≤ 4η2t L2
N2

B2

(∥∥∥w (t)0 − w ∗∥∥∥2 + η2t N2B2 σ2∗
)
+ η2t

N3

B3
σ2∗ (33)

(34)

8



Lemma 13. We have that

F (w̃t+1) ≤ F (w̃t)−
η̂t
2

∥∥∥∇F (w̃t)∥∥∥2 + η̂tBL2
2N

N
B
−1∑
i=0

∥∥∥w (t)i − w (t)0 ∥∥∥2 (35)

where η̂t =
B
N ηt

Proof. We have

F (w̃t+1) ≤ F (w̃t)− ⟨∇F (w̃t), w̃t+1 − w̃t⟩+
L

2
||w̃t+1 − w̃t ||2 (36)

= F (w̃t)−
ηtN

B

〈
∇F (w̃t),

1

N

N
B
−1∑
i=0

B∑
j=1

∇f (w (t)i ;σ(iB + j))

〉
+
L

2
||w̃t+1 − w̃t ||2 (37)

= F (w̃t)−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2 − ηtN
2B

∥∥∥ 1
N

N
B
−1∑
i=0

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2+ (38)

+
ηtN

2B

∥∥∥∇F (w̃t)− 1
N

N
B
−1∑
i=0

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 + Lη2t

2B2

∥∥∥ N
B
−1∑
i=0

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 (39)

= F (w̃t)−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2 + ηtN
2B

∥∥∥∇F (w̃t)− 1
N

N
B
−1∑
i=0

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2− (40)

−
ηt
2NB

(
1−
N

B
Lηt

)∥∥∥ N
B
−1∑
i=0

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 (41)

≤ F (w̃t)−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2 + ηtN

2BN2

∥∥∥ N
B
−1∑
i=0

B∑
j=1

(
∇f (w̃t ;σ(iB + j))−∇f (w (t)i ;σ(iB + j))

)∥∥∥2 (42)

≤ F (w̃t)−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2 + ηt
2B

N
B
−1∑
i=0

B∑
j=1

∥∥∥∇f (w̃t ;σ(iB + j))−∇f (w (t)i ;σ(iB + j))∥∥∥2 (43)

= F (w̃t)−
η̂t
2

∥∥∥∇F (w̃t)∥∥∥2 + η̂t
2N

N
B
−1∑
i=0

B∑
j=1

∥∥∥∇f (w̃t ;σ(iB + j))−∇f (w (t)i ;σ(iB + j))∥∥∥2 (44)

≤ F (w̃t)−
η̂t
2

∥∥∥∇F (w̃t)∥∥∥2 + η̂tBL2
2N

N
B
−1∑
i=0

∥∥∥w (t)i − w (t)0 ∥∥∥2 (45)

(46)

Proof of Theorem 4. We use Lemma 8 and Lemma 7 and we have:

F (w̃t+1) ≤ F (w̃t)−
η̂t
2

∥∥∥∇F (w̃t)∥∥∥2 + η̂tBL2
2N

N
B
−1∑
i=0

∥∥∥w (t)i − w (t)0 ∥∥∥2 (47)

≤ F (w̃t)−
η̂t
2

∥∥∥∇F (w̃t)∥∥∥2 + η̂tBL2
2N

(
8η̂2t L

2

(∥∥∥w (t)0 − w ∗∥∥∥2 + η̂2t σ2∗)+ η̂2t NBσ2∗
)

(48)

= F (w̃t)−
η̂t
2

∥∥∥∇F (w̃t)∥∥∥2 + 4η̂3tBL4
N

∥∥∥w (t)0 − w ∗∥∥∥2 + 4η̂5t σ2∗BL3N
+
η̂3t L

2σ2∗
2

(49)

≤ F (w̃t)−
η̂t
2
2µ [F (w̃t)− F (w∗)] +

4η̂3tBL
4

N

2

µ
[F (w̃t)− F (w∗)] +

4η̂5t σ
2
∗BL

4

N
+
η̂3t L

2σ2∗
2

(50)

(51)

Subtracting F (w∗) from both sides we have:

F (w̃t+1)− F (w∗) ≤
(
1− η̂t

(
µ−
8η̂2tBL

4

Nµ

))
[F (w̃t)− F (w∗)] + η̂3t

(
4η̂2t σ

2
∗BL

4

N
+
L2σ2∗
2

)
(52)

(53)
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Note that we already assume η̂t ≤ 1
2L . We want to have

µ−
8η̂2tBL

4

Nµ
≥
µ

3
=⇒

2µ

3
≥
8η̂2tBL

4

Nµ
=⇒ η̂t ≤

µ

L2

√
N

12B
(54)

The above also implies
4η̂2t σ

2
∗BL

4

N
≤
µ2σ2∗
3

(55)

Combining the above gives:

F (w̃t+1)− F (w∗) ≤
(
1−
µη̂t
3

)
[F (w̃t)− F (w∗)] +

1

6
η̂3t σ

2
∗
(
2µ2 + 3L2

)
(56)

(57)

The above can be written as follows:

YT+1 ≤ (1− ρη̂t) YT + η̂3tD (58)

Using Lemma 11 we have that if η̂t ≤ 1
ρ :

YT+1 ≤ (1− ρη̂t) YT + η̂3tD ≤ Y1exp(−ρη̂tT ) +
Dη̂2t
ρ

(59)

Choosing η̂t =
2 log(T )
ρT , we have:

YT+1 ≤
Y1
T 2
+
4D log2(T )

T 2ρ3
=
Y1
T 2
+
4 16σ

2
∗
(
2µ2 + 3L2

)
log2(T )

T 2 µ
3

33

(60)

Which finally gives:

F (w̃T )− F (w∗) ≤
F (w̃0)− F (w∗)

T 2
+
18σ2∗

(
2µ2 + 3L2

)
log2(T )

T 2µ3
(61)

We choose T such that

η̂t =
6 logT

µT
≤ min{

1

2L
,
µ

L2

√
N

12B
} =⇒

log(T )

T
≤
µ2

6L2

√
N

12B
(62)

Lemma 14 (Similar to 12). If we apply our theorem with probability 1− δ we have∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤ 2η2t
(
iL2

i−1∑
k=0

∥∥∥w (t)k − w ∗∥∥∥2 + ln (2/δ)Ni2B2
σ2∗

)
(63)

4.2.1 Results with high probability bounds (Theorem 8)

Lemma 15.

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤ 8η2t N2B2L2
(∥∥∥w (t)0 − w ∗∥∥∥2 + η2t N2B2 σ2∗

)
+ η2t

8N2 ln(2/δ)

B3
σ2∗ (64)

(65)

F (w̃t+1)− F (w∗) ≤
(
1− η̂t

(
µ−
8η̂2tBL

4

Nµ

))
[F (w̃t)− F (w∗)] + η̂3t

(
4η̂2t σ

2
∗BL

4

N
+
4 ln(2/δ)L2σ2∗

N

)
(66)

(67)

Previous bound:

F (w̃T )− F (w∗) ≤
F (w̃0)− F (w∗)

T 2
+
18σ2∗

(
2µ2 + 3L2

)
log2(T )

T 2µ3
(68)

New bound with probability (1− δ)NT/B

F (w̃T )− F (w∗) ≤
F (w̃0)− F (w∗)

T 2
+
18σ2∗

(
2µ2 + 12L2 ln(2/δ)

)
log2(T )

NT 2µ3
(69)

If indeed we want probability at least 1− ϵ, we want: δ = ϵB
NT . We have with probability at least 1− ϵ:

F (w̃T )− F (w∗) ≤
F (w̃0)− F (w∗)

T 2
+
18σ2∗

(
2µ2 + 12L2 ln( 2NTBϵ )

)
log2(T )

NT 2µ3
(70)
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4.3 Non Strongly-Convex Results (Theorem 5)

Lemma 16 (Lemma 3 from [8]). Let X1, . . . , Xn be n given vectors in Rd , X̄ := 1
n

∑n
i=1Xi be their average,

and σ2 := 1
n

∑n
i=1 ∥Xi − X̄∥2 be their population variance. Fix any k ∈ {1, . . . , n}, let Xπ1 , . . . , Xπk be sampled

uniformly without replacement from {X1, . . . , Xn} and X̄π := 1
k

∑k
i=1Xπk be their average. Then, we have:

E[X̄π] = X̄,E[∥X̄π − X̄∥2] =
n − k
k(n − 1)σ

2

Lemma 17 (Similar to Lemma 7 in [8]). Under Assumption 1, the following holds:∥∥∥w̃t − w∗∥∥∥2 ≤ ∥∥∥w̃t−1 − w∗∥∥∥2 − 2η[F (w̃t−1)− F (w∗)]+ Lη3
3BN

σ2∗ (71)

Proof. We have that:∥∥∥w (t)i − w̃t−1∥∥∥2 = ∥∥∥ηtB
i−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ(kB + j))
∥∥∥2

=
η2t
B2

∥∥∥ i−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))

)
+∇f (w∗;σ(kB + j))

∥∥∥2
≤
2η2t
B2

∥∥∥ i−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))

)∥∥∥2 + 2η2t
B2

∥∥∥ i−1∑
k=0

B∑
j=1

∇f (w∗;σ(kB + j))
∥∥∥2

≤
2η2t iB

B2

i−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))∥∥∥2 + 2η2tB2 ∥∥∥
i−1∑
k=0

B∑
j=1

∇f (w∗;σ(kB + j))
∥∥∥2

Let us denote with B∗i :=
∥∥∥∑i−1k=0∑Bj=1∇f (w∗;σ(kB + j))∥∥∥2. Summing the above from i = 1 to NB − 1:

N
B
−1∑
i=1

∥∥∥w (t)i − w̃t−1∥∥∥2 ≤ 2η2tB
N
B
−1∑
i=1

i

i−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))∥∥∥2 + 2η2tB2
N
B
−1∑
i=1

B∗i (72)

≤
2η2tN

2

B3

N
B
−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))∥∥∥2 + 2η2tB2 B∗ (73)

Where B∗ =
∑ N

B
−1
i=1 B

∗
i . Now we have:

w̃t − w∗ = w̃t−1 − w∗ −
ηt
B

N
B
−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ(kB + j))

∥∥∥w̃t − w∗∥∥∥2 = ∥∥∥w̃t−1 − w∗∥∥∥2 + η2t
B2

∥∥∥ N
B
−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ(kB + j))
∥∥∥2 − 2ηt

B

〈
w̃t−1 − w∗,

N
B
−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ(kB + j))
〉

=
∥∥∥w̃t−1 − w∗∥∥∥2 + η2t

B2

∥∥∥ N
B
−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))

)∥∥∥2−
−
2ηt
B

〈
w̃t−1 − w∗,

N
B
−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ(kB + j))
〉

≤
∥∥∥w̃t−1 − w∗∥∥∥2 + η2tN

B2

N
B
−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(kB + j))−∇f (w∗;σ(kB + j))∥∥∥2−
−
2ηt
B

N
B
−1∑
k=0

B∑
j=1

〈
w̃t−1 − w∗,∇f (w (t)k ;σ(kB + j))

〉
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Now let us take a better look at the term:

T =

N
B
−1∑
k=0

B∑
j=1

〈
w∗ − w̃t−1,∇f (w (t)k ;σ(kB + j))

〉

=

N
B
−1∑
k=0

B∑
j=1

〈
w∗ − w (t)k ,∇f (w

(t)
k ;σ(kB + j))

〉
+

N
B
−1∑
k=0

B∑
j=1

〈
w
(t)
k − w̃t−1,∇f (w

(t)
k ;σ(kB + j))

〉
(a)

≤

N
B
−1∑
k=0

B∑
j=1

[
f (w

(t)
k ;σ(kB + j))− f (w̃t−1;σ(kB + j))

]
+
L

2

N
B
−1∑
k=0

B∑
j=1

∥∥∥w (t)k − w̃t−1∥∥∥2+
+

N
B
−1∑
k=0

B∑
j=1

〈
w∗ − w (t)k ,∇f (w

(t)
k ;σ(kB + j))

〉

= −

N
B
−1∑
k=0

B∑
j=1

[
f (w∗;σ(kB + j))− f (w (t)k ;σ(kB + j))−

〈
w∗ − w (t)k ,∇f (w

(t)
k ;σ(kB + j))

〉]

+

N
B
−1∑
k=0

B∑
j=1

[
f (w∗;σ(kB + j))− f (w̃t−1;σ(kB + j))

]
+
L

2

N
B
−1∑
k=0

B∑
j=1

∥∥∥w (t)k − w̃t−1∥∥∥2
(b)

≤ −
1

2L

N
B
−1∑
k=0

B∑
j=1

∥∥∥∇f (w∗;σ(kB + j)−∇f (w (t)k ;σ(kB + j)∥∥∥2 + N[F (w∗)− F (w̃t−1)]+ L2
N
B
−1∑
k=0

B∑
j=1

∥∥∥w (t)k − w̃t−1∥∥∥2
(c)

≤
(
η2tN

2L

B2
−
1

2L

) N
B
−1∑
k=0

B∑
j=1

∥∥∥∇f (w∗;σ(kB + j)−∇f (w (t)k ;σ(kB + j)∥∥∥2 + N[F (w∗)− F (w̃t−1)]+ Lη2tB B∗
The above hold because:

1. (a) Due to the convexity assumption〈
w
(t)
k − w̃t−1,∇f (w

(t)
k ;σ(kB + j))

〉
≤ f (w (t)k ;σ(kB + j))− f (w̃t−1;σ(kB + j)) +

L

2

∥∥∥w (t)k − w̃t−1∥∥∥2
2. (b) Due to the convexity assumption

f (w∗;σ(kB + j))− f (w (t)k ;σ(kB + j))−
〈
w∗ − w (t)k ,∇f (w

(t)
k ;σ(kB + j))

〉
≥

≥
1

2L

∥∥∥∇f (w∗;σ(kB + j)−∇f (w (t)k ;σ(kB + j)∥∥∥2
3. (c) This is due to 72

Substituting back to 74 we have:∥∥∥w̃t − w∗∥∥∥2 ≤ ∥∥∥w̃t−1 − w∗∥∥∥2 + 2ηt
B

(
N
[
F (w∗)− F (w̃t−1)

]
+
Lη2t
B
B∗

)
+ (74)

+

(
−
ηt
BL
+
2η3tN

2L

B3
+
η2tN

B3

) N
B
−1∑
k=0

B∑
j=1

∥∥∥∇f (w∗;σ(kB + j)−∇f (w (t)k ;σ(kB + j)∥∥∥2 (75)

Choosing ηt =
η
N
B

such that

−
ηt
BL
+
2η3tN

2L

B3
+
η2tN

B2
≤ 0 =⇒ −

η

LB
+
2η3L

N
+
η2

N
≤ 0

η2 +
η

2L
−
N

2BL2
≤ 0 =⇒ (η −

1

4L
)2 ≤

8N
B + 1

16L2
=⇒ η ≤

1 +
√
8N/B + 1

4L

then the above becomes:
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∥∥∥w̃t − w∗∥∥∥2 ≤ ∥∥∥w̃t−1 − w∗∥∥∥2 + 2ηtN
B

[
F (w∗)− F (w̃t−1)

]
+
2Lη3t
B2
B∗

Finally, to bound B∗ we use 16 in the following way:

E[B∗] = E

 NB−1∑
i=1

B∗i

 = E
 NB−1∑
i=1

∥∥∥ i−1∑
k=0

B∑
j=1

∇f (w∗;σ(kB + j))
∥∥∥2
 (76)

=

N
B
−1∑
i=1

(iB)2E

∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

∇f (w∗;σ(kB + j))
∥∥∥2
 (77)

=

N
B
−1∑
i=1

(iB)2E

∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

∇f (w∗;σ(kB + j))−∇F (w∗)
∥∥∥2
 (78)

=

N
B
−1∑
i=1

(iB)2
N − iB

(iB)(N − 1)σ
2
∗ ≤
σ2∗
N

N
B
−1∑
i=1

iB(N − iB) (79)

≤
σ2∗B

N

(
N N

2

B2

2
− B

N3

B3

3

)
=
σ2∗B

N

(
N3

2B2
−
N3

3B2

)
=
N2

6B
σ2∗ (80)

Finally we have: ∥∥∥w̃t − w∗∥∥∥2 ≤ ∥∥∥w̃t−1 − w∗∥∥∥2 + 2ηtN
B

[
F (w∗)− F (w̃t−1)

]
+
2Lη3t
B2
N2

6B
σ2∗ (81)

=
∥∥∥w̃t−1 − w∗∥∥∥2 − 2η[F (w̃t−1)− F (w∗)]+ Lη3

3N
σ2∗ (82)

Theorem 5. We have from 17 that:

F (w̃t−1)− F (w∗) ≤
1

2η

(∥∥∥w̃t−1 − w∗∥∥∥2 − ∥∥∥w̃t − w∗∥∥∥2)+ Lη2
6N
σ2∗ (83)

Summing up gives:

T∑
t=0

[F (w̃t)− F (w∗)] ≤
1

2η

(∥∥∥w̃0 − w∗∥∥∥2 − ∥∥∥w̃T+1 − w∗∥∥∥2)+ LTη2
6N
σ2∗ =⇒

1

T

T∑
t=0

[F (w̃t−1)− F (w∗)] ≤
1

2ηT

∥∥∥w̃0 − w∗∥∥∥2 + Lη2
6N
σ2∗

4.4 Non-Convex Results (Theorem 6)

Lemma 18. We have that

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤ N2η2tB2 ((3Θ + 2)∥∥∥∇F (w (t)0 )∥∥∥2 + σ2) (84)
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Proof. We have:∥∥∥w (t)i − w (t)0 ∥∥∥2 = η2t ∥∥∥ 1B
i−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ
(t)(kB + j))

∥∥∥2
= i2 · η2t

∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ
(t)(kB + j))

∥∥∥2
(a)

≤ 3i2η2t
∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ

(t)(kB + j))−∇f (w (t)0 ;σ
(t)(kB + j))

)∥∥∥2+
+ 3i2η2t

(∥∥∥ 1
iB

i−1∑
k=0

b∑
j=1

(
∇f (w (t)0 ;σ

(t)(kB + j))−∇F (w (t)0 )
)∥∥∥2 + ∥∥∥∇F (w (t)0 )∥∥∥2)

(b)

≤
3i2η2t
iB

i−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(t)(kB + j))−∇f (w (t)0 ;σ(t)(kB + j))∥∥∥2+
+ 3i2η2t

( N
iB

(
Θ∥∇F (w (t)0 )∥

2 + σ2
)
+
∥∥∥∇F (w (t)0 )∥∥∥2)

(c)

≤
3i2η2t
iB

i−1∑
k=0

B∑
j=1

L2
∥∥∥w (t)k − w (t)0 ∥∥∥2 + 3i2η2t ( NiB(Θ∥∇F (w (t)0 )∥2 + σ2)+ ∥∥∥∇F (w (t)0 )∥∥∥2)

=
3i2η2t L

2

i

i−1∑
k=0

∥∥∥w (t)k − w (t)0 ∥∥∥2 + 3i2η2t ( NiB(Θ∥∇F (w (t)0 )∥2 + σ2)+ ∥∥∥∇F (w (t)0 )∥∥∥2)
(d)

≤ 3iη2t L2I + 3η2t
(Ni
B

(
Θ∥∇F (w (t)0 )∥

2 + σ2
)
+ i2

∥∥∥∇F (w (t)0 )∥∥∥2)
The above holds because of the following:

1. (a) (a + b + c)2 ≤ 3∥a∥2 + 3∥b∥2 + 3∥c∥2

2. (b) If we denote by xj = ∇f (w (t)0 ;σ(j))−∇F (w
(t)
0 ) we have that:

∥∥∥ 1
iB

iB∑
j=1

xj

∥∥∥2 ≤ 1
iB

iB−1∑
j=0

∥∥∥xj∥∥∥2 < 1
iB

N∑
j=1

∥∥∥xj∥∥∥2 ≤ N
iB

(
Θ
∥∥∥∇F (w (t)0 )∥∥∥2 + σ2)

3. (c) ∥∥∥∇f (w (t)k ;σ(t)(kB + j))−∇f (w (t)0 ;σ(t)(kB + j))∥∥∥ ≤ L∥∥∥w (t)k − w (t)0 ∥∥∥
4. (d)

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≥ i−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2,∀i ≤ NB
We can now finish off in the following way:

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤
N
B
−1∑
i=1

(
3iη2t L

2I + 3η2t

(Ni
B

(
Θ
∥∥∥∇F (w (t)0 )∥∥∥2 + σ2)+ i2∥∥∥∇F (w (t)0 )∥∥∥2))

≤
3η2t L

2IN2

2B2
+
3N3η2t
2B3

(
Θ
∥∥∥∇F (w (t)0 )∥∥∥2 + σ2)+ N3η2tB3 ∥∥∥∇F (w (t)0 )∥∥∥2

Now choosing ηt such that:

3η2t L
2IN2

B2
≤
I

2
⇐⇒ ηt ≤

B

NL

√
1

3
(85)

The above becomes

I ≤
N2η2t
B2

((
3Θ + 2

)∥∥∥∇F (w (t)0 )∥∥∥2 + σ2)
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Lemma 19. We have that:

F (w̃t+1) ≤ F (w̃t)−
η

4

∥∥∥∇F (w (t)0 )∥∥∥2 + 32η3L2σ2 (86)

Proof. Here we assume that w̃t = w
(t)
0 . We have:

F (w̃t+1) ≤ F (w̃t)− ⟨∇F (w̃t), w̃t+1 − w̃t⟩+
L

2

∥∥∥w̃t+1 − w̃t∥∥∥2
≤ F (w̃t)−

〈
∇F (w̃t),

ηt
B

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))

〉
+
Lη2t
2B2

∥∥∥ N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

= F (w̃t) +
Lη2t
2B2

∥∥∥ N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 − ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2

−
ηtN

2B

∥∥∥ 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 + ηtN

2B

∥∥∥∇F (w̃t)− 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

= F (w̃t) +

(
Lη2t
2B2

−
ηt
2BN

)∥∥∥ N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

+
ηtN

2B

∥∥∥∇F (w̃t)− 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 − ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2

Now we take ηt =
η
N
B

, and η ≤ 1
L . We also have:

S =
∥∥∥∇F (w̃t)− 1

N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

=
∥∥∥ 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)0 ;σ(iB + j))−
1

N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

=
1

N2

∥∥∥ N
B
−1∑
i=1

B∑
j=1

(
∇f (w (t)0 ;σ(iB + j))−∇f (w

(t)
i ;σ(iB + j))

)∥∥∥2

≤
N

N2

N
B
−1∑
i=1

B∑
j=1

∥∥∥∇f (w (t)0 ;σ(iB + j))−∇f (w (t)i ;σ(iB + j))∥∥∥2
≤
BL2

N
I

This gives:

F (w̃t+1) ≤ F (w̃t) +
ηtN

2B

L2I
N
B

−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2
≤ F (w̃t) +

3ηtL
2

2

N3

B3
η2t

(
Θ
∥∥∥∇F (w (t)0 )∥∥∥2 + σ2)− ηtN2B ∥∥∥∇F (w̃t)∥∥∥2

≤ F (w̃t) +
(3
2
L2η3Θ−

η

2

)∥∥∥∇F (w (t)0 )∥∥∥2 + 32η3L2σ2
≤ F (w̃t)−

η

4

∥∥∥∇F (w (t)0 )∥∥∥2 + 32η3L2σ2

Proof of Theorem 6. We have from 23

F (w̃t+1) ≤ F (w̃t)−
η

4

∥∥∥∇F (w̃t)∥∥∥2 + 3
2
η3L2σ2 (87)
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We can put expectations around F as follows:

E[F (w̃t+1)] ≤ E[F (w̃t)]−
η

4
E[
∥∥∥∇F (w̃t)∥∥∥2] + 3η3L2σ2

2

Rearranging gives:

E[
∥∥∥∇F (w̃t)∥∥∥2] ≤ 4

η
E[F (w̃t)− F (w̃t+1)] + 6η2L2σ2

Summing up the above for t = 0, 1, . . . , T

T∑
i=0

E[
∥∥∥∇F (w̃t)∥∥∥2] ≤ 4

η
E[F (w̃0)− F (w̃T+1)] + 6η2L2Tσ2

Since F (w̃T+1) ≥ F ∗, we get that:

1

T

T∑
i=0

E[
∥∥∥∇F (w̃t)∥∥∥2] ≤ 4

ηT
(F (w̃0)− F ∗) + 6η2L2σ2 (88)

4.5 New Non-Convex Results (Theorem 7)

We begin by proving the following Lemma.

Lemma 20 (inspired by [12], Lemma 8). Suppose there are N vectors Xi ∈ Rd , i ∈ [N], and X̄ = 1
N

∑N
i=1Xi , with

1
N

∑N
i=1

∥∥∥Xi − X̄∥∥∥2 ≤ Θ∥∥∥X̄∥∥∥2+σ2, then for a randomly sampled permutation σ ∈ SN and for k < N, we have that
with probability at least 1− δ that:

∥∥∥1
k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≤ 2

√
ln( 2δ )N

(
ΘX̄2 + σ2

)
k

(89)

We will use the following result from [9]:

Lemma 21. Suppose that a sequence of random variables {xj}j≥1 is a martingale taking values in Rd and∑∞
j=2 ess sup∥xj − xj−1∥ ≤ c2 , for some c > 0. Then, for some λ > 0 we have that:

P
(
sup{∥xj∥ : j ≥ 1} ≥ λ

)
≤ 2exp

(
−
λ2

2c2

)
(90)

Proof of Lemma 20. Consider the following sequence of random variables for j = 1, 2, . . .

xj =
1

N −min (k, j)

min (k,j)∑
t=1

(Xσ(t) − X̄)

We want to prove that the sequence of the random variables is a martingale, i.e.

E[xj |xj−1, xj−2, ..., x1] = xj−1

As we can see from the formula, we have that xj = xj−1 for j ≥ k + 1, so we want to prove it for j ≤ k . Let us
rewrite xj :

xj =
1

N −min (k, j)

j−1∑
t=1

(Xσ(t) − X̄) +
1

N −min (k, j)(Xσ(j) − X̄)

=
1

N −min (k, j − 1)

j−1∑
t=1

(Xσ(t) − X̄) +
( 1

N −min (k, j)

j−1∑
t=1

(Xσ(t) − X̄)−

−
1

N −min (k, j − 1)

j−1∑
t=1

(Xσ(t) − X̄)
)
+

1

N −min (k, j)(Xσ(j) − X̄)
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If j ≤ k , then

xj = xj−1 +
1

(N − j)(N − j + 1)

j−1∑
t=1

(Xσ(t) − X̄) +
1

N − j (Xσ(j) − X̄)

Note that:

E[Xσ(j) − X̄|σ(1), ..., σ(j − 1)] =
1

N − j + 1

N∑
t=j

(Xσ(t) − X̄) = −
1

N − j + 1

j−1∑
t=1

(Xσ(t) − X̄)

Thus when j ≤ k , we have (using the above):

E[xj |x1, ..., xj−1] = xj−1 +
1

(N − j)(N − j + 1)

j−1∑
t=1

(Xσ(t) − X̄) +
1

N − j E[Xσ(j) − X̄] = xj−1

Now, note that for j ≥ k + 1, xj − xj−1 = 0. Now we see that for 2 ≤ j ≤ k :

∥xj − xj−1∥2 =
∥∥∥ 1

(N − j)(N − j + 1)

j−1∑
t=1

(Xσ(t) − X̄) +
1

N − j (Xσ(j) − X̄)
∥∥∥2

≤ 2
∥∥∥ 1

(N − j)(N − j + 1)

j−1∑
t=1

(Xσ(t) − X̄)
∥∥∥2 + 2∥∥∥ 1

N − j (Xσ(j) − X̄)
∥∥∥2

=
2

(N − j)2(N − j + 1)2
∥∥∥ N∑
t=j

(Xσ(t) − X̄)
∥∥∥2 + 2

(N − j)2
∥∥∥(Xσ(j) − X̄)∥∥∥2

≤
2

(N − j)2(N − j + 1)2

(N − j + 1) N∑
t=j

∥∥∥Xσ(t) − X̄∥∥∥2 + (N − j)2∥∥∥Xσ(j) − X̄∥∥∥2


≤
2

(N − j)3

 N∑
t=j

∥∥∥Xσ(t) − X̄∥∥∥2 + (N − j)∥∥∥Xσ(j) − X̄∥∥∥2


Since we know that:

j−1∑
t=1

(
Xσ(t) − X̄

)
= −

N∑
t=j

(
Xσ(t) − X̄

)
(91)

So that gives:

∞∑
j=2

∥∥∥xj − xj−1∥∥∥2 = k∑
j=2

∥∥∥xj − xj−1∥∥∥2

≤
k∑
j=2

2

(N − j)3

 N∑
t=j

∥∥∥Xσ(t) − X̄∥∥∥2 + (N − j)∥∥∥Xσ(j) − X̄∥∥∥2


≤
k∑
j=2

(∥∥∥Xσ(j) − X̄∥∥∥2)( 2

(N − j)2 +
j∑
t=1

2

(N − t)3
)

≤
k∑
j=2

(∥∥∥Xσ(j) − X̄∥∥∥2)( 2

(N − j)2 +
j∑
t=1

2

(N − j)3
)

≤
k∑
j=2

(∥∥∥Xσ(j) − X̄∥∥∥2)( 2

(N − j)2 +
2j

(N − j)3
)

≤
k∑
j=2

∥∥∥Xσ(j) − X̄∥∥∥2 2

(N − j)2
(
1 +

j

(N − j)

)

≤
k∑
j=2

∥∥∥Xσ(j) − X̄∥∥∥2 2N

(N − j)3 ≤
2N2

(N − k)3

(
Θ
∥∥∥X̄∥∥∥2 + σ2)
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Now, setting c2 = 2N2

(N−k)3

(
Θ
∥∥∥X̄∥∥∥2 + σ2) and applying lemma 21, we have:

P(∥xk∥ ≥ λ) ≤ P(sup{∥xj∥ : j ≥ 0} ≥ λ) ≤ 2exp
(
−
λ2(N − k)3

2N2(ΘX̄2 + σ2)

)
(92)

P(
∥∥∥ 1

N − k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≥ λ) ≤ 2exp(− λ2(N − k)3

2N2(ΘX̄2 + σ2)

)
(93)

(94)

Setting first λ = kδ′

N−k we have:

P(
∥∥∥1
k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≥ δ′) ≤ 2exp(− δ′2k2(N − k)

2N2(ΘX̄2 + σ2)

)
(95)

(96)

Substituting δ′ =

√
2δ′′N2(ΘX̄2+σ2)
k
√
N−k we end up having:

P

∥∥∥1
k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≥

√
2δ′′N2

(
ΘX̄2 + σ2

)
k
√
N − k

 ≤ 2exp(−δ′′) (97)

(98)

and thus setting up δ′′ = ln( 2δ ), with probability 1− δ we have:

∥∥∥1
k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≥

√
2 ln(2/δ)N2

(
ΘX̄2 + σ2

)
k
√
N − k

(99)

Note that if we have k ≤ N
2 , with probability 1− δ we have:

∥∥∥1
k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≥

√
4 ln(2/δ)N

(
ΘX̄2 + σ2

)
k

(100)

In order to prove the bound for a batch of size greater than N2 , take again k ≤
N
2 , and note that:

P(
∥∥∥ 1

N − k

j∑
t=1

(Xσ(t) − X̄)
∥∥∥ ≥ λ) = P(∥∥∥ 1

N − k

N∑
t=j+1

(Xσ(t) − X̄)
∥∥∥ ≥ λ) ≤ 2exp(− λ2(N − k)3

2N2(ΘX̄2 + σ2)

)
(101)

(102)

which becomes

∥∥∥ 1

N − k

N∑
t=j+1

(Xσ(t) − X̄)
∥∥∥ ≥

√
2 ln(2/δ)N2

(
ΘX̄2 + σ2

)√
(N − k)3

(103)

Finally, observe that N − k > N
2 so that becomes:

∥∥∥ 1

N − k

N∑
t=j+1

(Xσ(t) − X̄)
∥∥∥ ≥

√
4N ln(2/δ)

(
ΘX̄2 + σ2

)
N − k (104)

(105)

which is what we wanted. Substituting back to our problem we have with probability at least 1− δ:

∥∥∥ 1
iB

i∑
k=0

B∑
j=1

∇f (w)−∇F (w)
∥∥∥ ≤

√
4 ln(2/δ)N

(
Θ
∥∥∥∇F (w)∥∥∥2 + σ2)
iB

(106)

(107)
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Lemma 22. We have that with probability 1− δ

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤ N2η2tB2 ((3Θ + 2)∥∥∥∇F (w (t)0 )∥∥∥2 + σ2) (108)

Proof. We have with probability 1− δ that:

∥∥∥w (t)i − w (t)0 ∥∥∥2 = η2t ∥∥∥ 1B
i−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ
(t)(kB + j))

∥∥∥2
= i2 · η2t

∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

∇f (w (t)k ;σ
(t)(kB + j))

∥∥∥2
(a)

≤ 3i2η2t
∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

(
∇f (w (t)k ;σ

(t)(kB + j))−∇f (w (t)0 ;σ
(t)(kB + j))

)∥∥∥2+
+ 3i2η2t

(∥∥∥ 1
iB

i−1∑
k=0

B∑
j=1

(
∇f (w (t)0 ;σ

(t)(kB + j))−∇F (w (t)0 )
)∥∥∥2 + ∥∥∥∇F (w (t)0 )∥∥∥2)

(b)

≤
3i2η2t
iB

i−1∑
k=0

B∑
j=1

∥∥∥∇f (w (t)k ;σ(t)(kB + j))−∇f (w (t)0 ;σ(t)(kB + j))∥∥∥2+
+ 3i2η2t

4 ln (2/δ)N
(
Θ
∥∥∥∇F (w (t)0 ∥∥∥2 + σ2)
(iB)2

+
∥∥∥∇F (w (t)0 )∥∥∥2


(c)

≤
3i2η2t
iB

i−1∑
k=0

B∑
j=1

L2
∥∥∥w (t)k − w (t)0 ∥∥∥2 + 3η2t i2(4 ln(2/δ)Nσ2(iB)2

+
∥∥∥∇F (w (t)0 )∥∥∥2(i2 + 4 ln(2/δ)NΘ(iB)2

))

=
3i2η2t L

2

i

i−1∑
k=0

∥∥∥w (t)k − w (t)0 ∥∥∥2 + 3η2t i2(4 ln(2/δ)Nσ2((iB)2
+
∥∥∥∇F (w (t)0 )∥∥∥2(i2 + 4 ln(2/δ)NΘ(iB)2

))
(d)

≤ 3iη2t L2I + 3η2t i2
(4 ln(2/δ)Nσ2

(iB)2
+
∥∥∥∇F (w (t)0 )∥∥∥2(i2 + 4 ln(2/δ)NΘ(iB)2

))
The above holds because of the following:

1. (a)(a + b + c)2 ≤ 3∥a∥2 + 3∥b∥2 + 3∥c∥2

2. (b) This is due to 106 and 20.

3. (c) ∥∥∥∇f (w (t)k ;σ(t)(kB + j))−∇f (w (t)0 ;σ(t)(kB + j))∥∥∥ ≤ L∥∥∥w (t)k − w (t)0 ∥∥∥
4. (d)

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≥ i−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2,∀i ≤ NB
We can now finish of in the following way:

I =

N
B
−1∑
i=1

∥∥∥w (t)i − w (t)0 ∥∥∥2 ≤
N
B
−1∑
i=1

(
3iη2t L

2I + 3η2t

(4i2 ln(2/δ)Nσ2
(iB)2

+
∥∥∥∇F (w (t)0 )∥∥∥2(i2 + 4i2 ln(2/δ)NΘ(iB)2

)))
≤
3η2t L

2IN2

2B2
+
12η2t ln(2/δ)N

2σ2

B3
+ 3η2t

∥∥∥∇F (w (t)0 )∥∥∥2( N33B3 + 4 ln(2/δ)N2Θ2B3

)
Now choosing ηt such that:

3η2t L
2IN2

2B2
≤
I

2
⇐⇒ ηt ≤

B

NL

√
1

3
(109)
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The above becomes

I ≤
N2η2t
B3

(
12 ln(2/δ)σ2 +

∥∥∥∇F (w (t)0 )∥∥∥2 (N + 6 ln(2/δ)Θ))
= η2

(
1

B
12 ln(2/δ)σ2 +

∥∥∥∇F (w (t)0 )∥∥∥2(N + 6 ln(2/δ)ΘB

))

Lemma 23. We have that if η ≤ 1
2L ,

C
6 ≤ N, then with probability 1− 2e

−C/6:

F (w̃t+1) ≤ F (w̃t)−
η

4

∥∥∥∇F (w (t)0 )∥∥∥2 + CN η3L2σ2 (110)

Proof. Here we assume that w̃t = w
(t)
0 . We have:

F (w̃t+1) ≤ F (w̃t)− ⟨∇F (w̃t), w̃t+1 − w̃t⟩+
L

2

∥∥∥w̃t+1 − w̃t∥∥∥2
≤ F (w̃t)−

〈
∇F (w̃t),

ηt
B

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))

〉
+
Lη2t
2B2

∥∥∥ N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

= F (w̃t) +
Lη2t
2B2

∥∥∥ N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 − ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2

−
ηtN

2B

∥∥∥ 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 + ηtN

2B

∥∥∥∇F (w̃t)− 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

= F (w̃t) +

(
Lη2t
2B2

−
ηt
2BN

)∥∥∥ N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

+
ηtN

2B

∥∥∥∇F (w̃t)− 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2 − ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2

Now we take ηt =
η
N
B

, and η ≤ 1
L . We also have:

S =
∥∥∥∇F (w̃t)− 1

N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

=
∥∥∥ 1
N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)0 ;σ(iB + j))−
1

N

N
B
−1∑
i=1

B∑
j=1

∇f (w (t)i ;σ(iB + j))
∥∥∥2

=
1

N2

∥∥∥ N
B
−1∑
i=1

B∑
j=1

(
∇f (w (t)0 ;σ(iB + j))−∇f (w

(t)
i ;σ(iB + j))

)∥∥∥2

≤
N

N2

N
B
−1∑
i=1

B∑
j=1

∥∥∥∇f (w (t)0 ;σ(iB + j))−∇f (w (t)i ;σ(iB + j))∥∥∥2
≤
BL2

N
I
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This gives with probability 1− 2e−C/6, where we have ηt = η
N
B

:

F (w̃t+1) ≤ F (w̃t) +
ηtN

2B

L2I
N
B

−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2
≤ F (w̃t) +

ηtL
2

2
η2t
N2

B2

(
1

B
12 ln(2/δ)σ2 +

∥∥∥∇F (w (t)0 )∥∥∥2(N + 6 ln(2/δ)ΘB

))
−
ηtN

2B

∥∥∥∇F (w̃t)∥∥∥2
= F (w̃t) +

η3L2

2N

(
12 ln(2/δ)σ2 +

∥∥∥∇F (w (t)0 )∥∥∥2 (N + 6 ln(2/δ)Θ))− η2∥∥∥∇F (w̃t)∥∥∥2
≤ F (w̃t) +

(η3L2
2

(
1 +
6 ln(2/δ)

N

)
−
η

2

)∥∥∥∇F (w (t)0 )∥∥∥2 + 6N ln(2/δ)η3L2σ2
(a)

≤ F (w̃t)−
η

4

∥∥∥∇F (w (t)0 )∥∥∥2 + CN η3L2σ2

Where for (a) we used δ = 2e−C/6, for which means that for η ≤ 1
2L , C ≤

N
6

η3L2

2

(
1 +
6 ln(2/δ)

N

)
−
η

2
≤ η3L2 −

η

2
≤ −
η

4

Proof of Theorem 7. We have from 23 with probability 1− 2e−C/6

F (w̃t+1) ≤ F (w̃t)−
η

4

∥∥∥∇F (w̃t)∥∥∥2 + C
N
η3L2σ2 (111)

Rearranging gives: ∥∥∥∇F (w̃t)∥∥∥2 ≤ 4
η
(F (w̃t)− F (w̃t+1)) +

4

N
Cη2L2σ2

Summing up the above for t = 0, 1, . . . , T

T∑
i=0

∥∥∥∇F (w̃t)∥∥∥2 ≤ 4
η
(F (w̃0)− F (w̃T+1)) +

4

N
CTη2L2σ2

Since F (w̃T+1) ≥ F ∗, we get that with probability 1− T
2eC/6
:

1

T

T∑
i=0

∥∥∥∇F (w̃t)∥∥∥2 ≤ 4

ηT
(F (w̃0)− F ∗) +

4

N
Cη2L2σ2 (112)
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