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Introduction

This presentation is based on:

1. “Central Limit Theorems and Bootstrap in High Dimensions,"
ArXiv, 2014.

2. “Gaussian Approximations and Multiplier Bootstrap for Maxima of Sums
of High-Dimensional Random Vectors," Ann. Stat., 2013

3. “Comparison and Anti-Concentration Bounds for Maxima of Gaussian
Vectors", Prob. Theory Rel. Fields, 2015+.

4. “Gaussian Approximation of Suprema of Empirical Processes," Ann.
Stat., 2014a

5. “Anti-Concentration and Adaptive, Honest Confidence Bands" Ann.
Stat., 2014b
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Introduction

Let Xi,..., X, be a sequence of centered independent random
vectors in RP, with each X; having coordinates denoted by Xj; that is,
Xi = (X/J')f:1

Define the normalized sum:
SY = (Sy)y = \FZX (1)

Let Yi,..., Y, be independent Gaussian random vectors in RP:
Y; ~ N(O,E[X; X]).

Define the Gaussian analog of SX as:

Sy = (Sy)P :fZY (2
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Introduction

Define the Kolmorogorov distance between SX and SY:
pn = sup [P(SY € A) —P(S) € A)|
AcA

where A is some class of sets

Question: how fast can p = p, grow as n — co under the restriction
that p, — 07?

Bentkus (2003): for i.i.d. X, if A is the class of all convex sets, then

1/4 3
S (p E%xm)

Typically E[| X|3] = O(p*/?), so
pn—0 if p=o(n?/7)
Nagaev (1976): this result is nearly optimal, p, > E[||X|3]/v/n
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Introduction

However, in modern statistics, often p > n
@ high dimensional regression models
@ multiple hypothesis testing problems

Question: can we find a non-trivial class of sets .4 such that
p=p,>n but p,—0

Our first main result(s):

Subject to some conditions, if A is the class of all rectangles (or
sparsely convex sets), then

pn—0 if logp=o(n'/")
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Simulation Example

The example is motivated by the problem of removing the
Gaussianity assumption in Dantzig/Lasso estimators of (very)
high-dimensional sparse regression models. Let

1 n
Si]( = — Z)(” )(I'j = Zji, € i.i.d. t(5)/C
\/ﬁ i=1

z;’s are fixed bounded "regressors", |z;| < B, drawn from U(0, 1)
distribution once, and

10
S,.,Y = — Z Y, Y’l = Zjj€j, €; i.i.d. N(O, 1),
VS

so that E[Y;Y/] = E[XiX/]. Compare
P([ISylloc < 1) and P (|| Sy ]| < 1) -
(i.e. pn for A = cubes in RP)
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Simulation Example

n=100; p=5000 n=400; p=5000
1 1
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Figure: P-P plots comparing P (|| S} || < t) and P (||Sx|| < t). The dashed
line is the 45° line.
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Introduction — Bootstrap

Generally, P(S) € A) is unknown since don’t know covariance matrix
1S~ L E[XiX/]. So the second result, is that under similar conditions

oh = juﬁ ‘P(Sf,(* € Al {Xi}Ly)—P(S) € A)| —p 0
€

We prove this result for the Gaussian Bootstrap (multiplier method
with Gaussian multipliers):

1 n _ _ 1 n
==Y (Xi-X)e, X=-3 X, (3)
vn i=1 NS
where (&), are i.i.d. N(0, 1) multipliers; and the Empirical
Bootstrap:
1 & 1<
St == (Xi=X)min, X=_3 X, (4)
ﬁ i=1 n i=1

where (m; )7, is n-dimensional multinomial variate based on n trials
with success probabilities 1/n,...,1/n.
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Let b> 0 and g > 4 be constants, and (B,)° , be a sequence of
positive constants, possibly growing to occ.

Consider the following conditions:
n 'YL EXE]| > bforallj=1,....p,
(M.2) n=' 7 E[|X;2tK] < Bk forallj=1,...,pandk =1,2.
and one of the following:
(E.1) E[exp(|Xj|/Bn)) <2foralli=1,...,nandj=1,...,p,
(E.2) E[(maxi<j<p |Xj|/Bn)9 <2 foralli=1,...,n,
Let A = A" be a the class of all rectangles:
A={z=(z1,...,2) eRP:z e [a,b]forallj=1,...,p}
forsome —co < g < by <oo0,j=1,...,p.
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Formal Results, |

Theorem (Central Limit Theorem)

Recall that
pn = sup [P(SX € A) —P(S) € A)|
Ac A"
Assume (M.1-2), then under (E.1)
1/6
B2log’(pn
pn< C (rvi(p)> (5)

where the constant C depends only on b, and under (E.2)

1/6 1/3
B2log’ (pn B2 log®
pnf%(?f“) - (Bege) ] ®

where the constant C depends only on b and q.

Remark: Bentkus (1985) provides an example, with (Xj;, 1 <j < p) C F, where F is
P-Donsker, such that pp, > (1/n)"/8.
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Formal Results, Il

Theorem (Gaussian and Empirical Bootstrap Theorem)

Define

g = sup [P(SK* € A {X}y) — P(S) € A)|.
Ac A"

Assume (M.1-2), then under (E.1), with probability at least1 — «,

o 5 2 N 1/6
p;§C<Bnlog (prtog"(1/ )) | -

where the constant C depends only on b, and under (E.2), with
probability at least1 — «,

. _ | ( BRlog®(pm) log?(1 /) Blog*p |
Pn < n + “2/anm—2/a (8)

where the constant C depends only on b and q.
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Some ingredients behind the proofs, |

Focus on max rectangles for simplicity:
A= {z:(z1,..,,zp)’ eR’: maxzjgs}, seR
1<j<p

@ Slepian’s interpolation:

Define
Z(t) = VtS +V1—18), te[0,1]
Then

P(SY € A)—P(S) € A) = E[1(Z(1) € A)] — E[1(Z(0) € A)]

@ Smoothing:

Approximate the indicator map
z—1(ze A) =1 (maxz,-gs)
1<j<p

by some smooth map

z+— m(2)
by smoothing the interval indicator y — 1(y < s) and smoothing the
max operator z — maxi<j<p Z.
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Some ingredients behind the proofs, Il

@ Calculations:
E[1(Z(1) € A)] — E[1(Z(0) € A)] y E[m(Z(1))] — E[m(Z(0))]

[ e[emae)]
Do

by proving the (1) first and that

B [9mZ0)] <

@ Approximation of max operator by a logistic potential:

P
B |
max z — "log (§ exp(ﬂz/)> < %

=
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Some ingredients behind the proofs, I

@ Anti-concentration of suprema of Gaussian processes: (needed to show
negligibility of errors due to smoothing the indicator function)

< Y.< Y <
supP (t < 1“;%)(,, Spj<t+ e) < 4e (E [g%p S,,y,} + 1) S ey/logp,

teR

stated for the case when E[(S,’,f,-)z] = 1 for each j. This is opposite of the
(super)-concentration.

Ref: CCK, PTRF.
@ Stein’s leave-one-out method (needed to simplify computations of
expectations)

(stability property of third-order derivatives of the logistic potential over
certain subsets of R” play a crucial role)
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Some ingredients behind the proofs, IV

@ Double Slepian Interpolation: to improve the dependence of
bounds on n (Inspired by Bolthausen’s (1984) arguments for
combinatorial CLTs)
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Details on Double Slepian Interpolation

@ By using single Slepian interpolant
Z(t) = VIS +vV1—1S), te[0,1]
the argument gives

pn<phi= sup  [P(Z(t) € A)~ P(Z(0) € A)| < n” S x C(n,p).
te[0,1],Ac. A"

@ Define the double Slepian interpolation
D(v,t) == VvZ(t)+ V1 —VvSY, velo,1], tel0,1]

where S/ is an independent copy of S).

@ By doing double interpolation and using other ingredients mentioned
above, obtain

1 _
on < 5p;,—i—n 6 x C(n,p) = result
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Connections to Literature

Classical CLTs under expanding dimension:

@ Senatov (1980), Asriev and Rotar (1985), Portnoy (1986), Gotze
(1991), Bentkus (2003), L.H.Y. Chen and Roellin (2011), and
others

Bootstrap and Multiplier methods:

@ Gine and Zinn (1990), Koltchinskii (1981), Pollard (1982)
Stein’s Method and other modern invariance principles

@ Chatterjee (2005), Roellin (2011).
Spin glasses

@ Panchenko (2013), Talagrand (2003), and others.
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Further Results

@ (CCK, Ann. Stat. 2014a). The results presented extend to
suprema of empirical processes:

sup -0

teR

P (sup Gp(f) < t) —P <sup Gp(f) < t)

feFn feFn

provided the complexity of 7, does not grow too quickly.
The approximations are more generally applicable than
Hungarian couplings (e.g. Rio), and competitive when both apply.

@ There is also an analogous result for Gaussian and Empirical
bootstrap.

@ (CCK, Ann. Stat. 2014b). Provide an application to the problem
of uniform and uniform adaptive confidence bands in
nonparametric problems, in particular providing a practical
version of Gine-Nickl-type bands.
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Results do extend beyond rectangles

Definition (Sparsely convex sets)

For integer s > 0, we say that A C RP is an s-sparsely convex set if
there exist an integer Q > 0 and convex sets A, CRP, g=1,...,Q,
such that
A=nZ A,
and the indicator function of each Ay,
w— 1{w e Az},

depends at most on s components of its argument w = (w4, ..., wp)
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Examples of Sparsely Convex Sets

@ Example 1: (1-sparse)
A={zcRP:zecla,b] forallj=1,... p}
forsome —co < g < b <oo,j=1,...,p
@ Example 2: (s-sparse)
A={zecRP:viz< g, foralj=1,...,m}
for some a; € R such that v; € SP~! with ||vj|lo < s,j=1,....,m
@ Example 3: (s-sparse)
A={zeR:|[(Z)jeuslls <ax: k=1,...m},
for some a, > 0 and Ji being a subset of {1, ..., p} of fixed

cardinality s, k=1,...,m
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Let b > 0 and g > 4 be constants, and (B,)> , be a sequence of
positive constants, possibly growing to oc.

Consider the following conditions:
(M.1) =" "L E[(V/X0)?] > b for all v e SP~1 with [[v]|o < s,
(M.2) n= 'S E[X[2P < Bk forallj=1,...,pand k = 1,2.
(E.1) Elexp(|Xj|/Bn)] <2foralli=1,...,nandj=1,...,p,

(E.2) E[(maxi<j<p|Xj|/Bn)] <2foralli=1,...,n,
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Formal Results, llI

Theorem (CLT for Sparsely Convex Sets)
For A® denoting the class of all s-sparsely convex sets, let

pn = sup |P(SS € A) —P(S) € A)|
Ac As

Assume (M.1°) and (M.2), then under (E.1)

7 1/6
< C (BZ"’gn(p”)> @)

where the constant C depends only on b and s, and under (E.2)

1/6 1/3
B2 log’ (pn) Balog’ p
pn < C [(n REG (10)

where the constant C depends only on b, q, and s.
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Formal Results, IV

Theorem (Gaussian Bootstrap Theorem)

Define

g = sup [P(SK* € A {X}Ly) — P(S) € A)|.
Ac As

Assume (M.1-2), then under (E.1), with probability at least1 — «,

pn <

c (B,% g’ () IogZ(1/a)> " 1)

where the constant C depends only on b and s, and under (E.2), with
probability at least1 — «,

n

Ph=C a2/ant—2/q

where the constant C depends only on b, g, and s.
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Conclusion

Thank you very much!
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